Abstract. Quandle colorings and cocycle invariants are studied for composite knots, and applied to chirality and abelian extensions. The square and granny knots, for example, can be distinguished by quandle colorings, so that a trefoil and its mirror can be distinguished by quandle coloring of composite knots. We investigate this and related phenomena. Quandle cocycle invariants are studied in relation to quandle coloring of the connected sum, and formulas are given for computing the cocycle invariant from the number of colorings of composite knots. Relations to corresponding abelian extensions of quandles are studied, and extensions are examined for the table of small connected quandles, called Rig quandles. Computer calculations are presented, and summaries of outputs are discussed.
Introduction
Sets with certain self-distributive operations called quandles have been studied since the 1940s in various areas with different names. The fundamental quandle of a knot was defined in a manner similar to the fundamental group [19, 22] of a knot, which made quandles an important tool in knot theory. The number of homomorphisms from the fundamental quandle to a fixed finite quandle has an interpretation as colorings of knot diagrams by quandle elements, and has been widely used as a knot invariant. Algebraic homology theories for quandles were defined [4, 17] , and investigated in [20, 23, 24, 25] . Extensions of quandles by cocycles have been studied [1, 3, 14] , and invariants derived thereof are applied to various properties of knots and knotted surfaces (see [7] and references therein).
Tables of small quandles have been made previously (e.g., [7, 15] ). Computations using GAP [31] significantly expanded the list for connected quandles. These quandles may be found in the GAP package Rig [30] . Rig includes all connected quandles of order less than 36. There are 431 such quandles. We refer to these quandles as Rig quandles, and use the notation Q(n, i) for the i-th quandle of order n in the list of Rig quandles. As a matrix Q(n, i) is the transpose of the quandle matrix SmallQuandle(n, i) in [30] .
In [10] , it was investigated to what extent the number of quandle colorings of a knot by a finite quandle can distinguish the prime oriented knots with at most 12 crossings in the knot table at KnotInfo [13] . It is known that quandle colorings do not distinguish K from its reversed mirror, rm(K). It is also known [9] that the quandle cocycle invariant can distinguish a trefoil 3 1 from its mirror image. Since 3 1 is reversible, it cannot be distinguished from its mirror by quandle colorings. However, we show here that quandle colorings can be used via connected sums to distinguish K from rm(K) for many knots (we conjecture for all knots K such that K = rm(K)). In particular, for some reversible knots, we can distinguish K from m(K) using this technique. For example, by distinguishing the square and granny knots by quandle colorings, we distinguish a trefoil from its mirror image. In this paper, we investigate this phenomenon, and other properties and applications of quandle invariants under connected sum. In particular, we relate quandle colorings of composite knots to quandle 2-cocycle invariants.
We also note that quandle colorings of the connected sum can be used to recover quandle cocycle invariants in many cases. It is well-known that quandle 2-cocycles give rise to abelian extensions of quandles, see for example [3] . We investigate the relations among abelian extensions that result from our computations, and their properties. As a result, several problems arise naturally.
An important part of this work depends on computer calculations. For that reason, we developed algorithms and techniques for computing quandle (co)homology groups and explicit quandle 2-cocycles, abelian extensions of quandles, dynamical cocycles and non-abelian extensions, colorings and quandle cocycle invariants of classical and virtual knots. The algorithms are freely available in the GAP package Rig. Several tables with all these calculationss are available online at the Wiki page of Rig: http://code.google.com/p/rig/w/list.
The paper is organized as follows. Preliminary material necessary for the paper follows this section, and it is shown that the number of quandle colorings by finite quandles can distinguish unknot in Section 2. Quandle colorings of composite knots are studied in Section 3. In Section 4, quandle colorings of composite knots are applied to distinguish knots from their reversed mirror images, relations to the quandle cocycle invariant are discussed, and computer calculations are presented. In Section 5, a method of computing quandle cocycle invariants from colorings of composite knots is studied. Relations to abelian extensions of quandles are examined in Section 6. Further considerations regarding extensions of Rig quandles are presented in Section 7. For convenience of the reader, we collect problems, questions and conjectures posed all over the text in Section 8.
Preliminaries
We briefly review some definitions and examples of quandles. More details can be found, for example, in [1, 7, 17] .
A quandle X is a set with a binary operation (a, b) → a * b satisfying the following conditions.
(1) For any a ∈ X, a * a = a.
(2) For any b, c ∈ X, there is a unique a ∈ X such that a * b = c. A quandle homomorphism between two quandles X, Y is a map f : X → Y such that f (a * X b) = f (a) * Y f (b), where * X and * Y denote the quandle operations of X and Y , respectively. A quandle isomorphism is a bijective quandle homomorphism, and two quandles are isomorphic if there is a quandle isomorphism between them. Example 1.1. Any non-empty set X with the operation a * b = a for any a, b ∈ X is a quandle called a trivial quandle. Example 1.2. A conjugacy class X of a group G is a quandle with the quandle operation a * b = b −1 ab. We call this a conjugation quandle. Example 1.3. Let X and Y be quandles. Then X × Y is a quandle with (x, y) * (x ′ , y ′ ) = (x * X x ′ , y * Y y ′ ) for all x, x ′ ∈ X and y, y ′ ∈ Y . Example 1.4. A generalized Alexander quandle is defined by a pair (G, f ) where G is a group, f ∈ Aut(G), and the quandle operation is defined by x * y = f (xy −1 )y. If G is abelian, this is called an Alexander (or affine) quandle. Example 1.5. A function φ : X × X → A for an abelian group A is called a quandle 2-cocycle [4] if it satisfies φ(x, y) − φ(x, z) + φ(x * y, z) − φ(x * z, y * z) = 0 for any x, y, z ∈ X and φ(x, x) = 0 for any x ∈ X. For a quandle 2-cocycle φ, E = X × A becomes a quandle by (x, a) * (y, b) = (x * y, a + φ(x, y)) for x, y ∈ X, a, b ∈ A, denoted by E(X, A, φ) or simply E(X, A), and it is called an abelian extension of X by A. The set of quandle 2-cocycles of X with coefficients in A is denoted by Z 2 Q (X, A). Two cocycles φ 1 and φ 2 are cohomologous if there is a function γ : X → A such that
for any x, y ∈ X. The set of equivalence classes is a group and it is denoted by H 2 Q (X, A). See [3] for more information on abelian extensions of quandles and [4, 5, 6] for more on quandle cohomology. Example 1.6. In [1] , extensions by constant 2-cocycles were defined as follows. For a quandle X and a set S, a constant quandle cocycle is a map
where Sym(S) is the symmetric group on S, such that X × S has a quandle structure by (x, t) * (y, s) = (x * y, β x,y (t)) for x, y ∈ X and s, t ∈ S (see [1] for details). This quandle is denoted by X × β S. The map β satisfies the constant cocycle condition β x * y,z β x,y = β x * z,y * z β x,z for any x, y, z ∈ X and the quandle condition β x,x = id for any x ∈ X. Following [1] , we also call these extensions non-abelian extensions.
Let X be a quandle. The right translation R a : X → X, by a ∈ X, is defined by R a (x) = x * a for x ∈ X. Then R a is a permutation of X by Axiom (2) . The subgroup of Sym(X), the symmetric group on X, generated by the permutations R a , a ∈ X, is called the inner automorphism group of X, and is denoted by Inn(X). A quandle is connected if Inn(X) acts transitively on X. A quandle is faithful if the mapping ϕ : X → Inn(X) defined by ϕ(a) = R a is an injection from X to Inn(X). We note that abelian as well as non-abelian extensions are not faithful. The operation * on X defined by a * b = R −1 b (a) is a quandle operation, and (X, * ) is called the dual quandle of (X, * ). A quandle X is called a kei [28] , or involutory, if (x * y) * y = x for all x, y ∈ X.
A coloring of an oriented knot diagram by a quandle X is a map C from the set of arcs A of the diagram to X such that the image of the map satisfies the relation depicted in Figure 1 at each crossing. More details can be found in [7, 14] , for example. A coloring that assigns the same element of X to all the arcs is called trivial, otherwise non-trivial. The number of colorings of a knot diagram by a finite quandle is known to be independent of the choice of diagram, and hence is a knot invariant. We denote by SCol X (K) and Col X (K) the set and the number of colorings of K by X.
The fundamental quandle is defined in a manner similar to the fundamental group [19, 22] . A presentation of a quandle is defined in a manner similar to groups as well, and a presentation of the fundamental quandle is obtained from a knot diagram (see, for example, [16] ), by assigning generators to arcs of a knot diagram, and relations corresponding to crossings. The set of colorings of a knot diagram K by a quandle X, then, is in one-to-one correspondence with the set of quandle homomorphisms from the fundamental quandle of K to X.
In this paper all knots are oriented. Let m : S 3 → S 3 be an orientation reversing homeomorphism of the 3-sphere. For a knot K contained in S 3 , m(K) is the mirror image of K, and r(K) is the knot K with its orientation reversed. We regard m and r as maps on equivalence classes of knots. We consider the group G = {1, r, m, rm} acting on the set of all oriented knots. For each knot K let G(K) = {K, r(K), m(K), rm(K)} be the orbit of K under the action of G.
For knots K and K ′ , we write K = K ′ to denote that there is an orientation preserving homeomorphism of S 3 that takes K to K ′ preserving the orientations of K and K ′ . By a symmetry we mean that a knot (type) K remains unchanged under one of r, m, rm. As in the definition of symmetry type in [13] we say that a knot K is
• reversible if the only symmetry it has is K = r(K),
• negative amphicheiral if the only symmetry it has is K = rm(K),
• positive amphicheiral if the only symmetry it has is K = m(K),
• chiral if it has none of these symmetries,
The symmetry type of each knot on at most 12 crossings is given at [13] . Thus each of the 2977 knots K given there represents 1, 2 or 4 knots depending on the symmetry type. Among the 2977 knots, there are 1580 reversible, 47 negative amphicheiral, 1 positive amphicheiral, 1319 chiral, and 30 fully amphicheiral knots. It is known [21, 22] that the fundamental quandles of K and K ′ are isomorphic if and only if Figure 1 . Colored crossings and cocycle weights Let X be a quandle, and φ be a 2-cocycle with coefficient group A, a finite abelian group. We regard φ as a function φ : X ×X → A. For a coloring of a knot diagram by a quandle X as depicted in Figure 1 at a positive (left) and negative (right) crossing, respectively, the pair (x τ , y τ ) of colors assigned to a pair of nearby arcs is called the source colors. The third arc receives the color x τ * y τ .
The 2-cocycle (or cocycle, for short) invariant is an element of the group ring Z[A] defined by Φ φ (K) = C τ φ(x τ , y τ ) ǫ(τ ) , where the product ranges over all crossings τ , the sum ranges over all colorings of a given knot diagram, (x τ , y τ ) are source colors at the crossing τ , and ǫ(τ ) is the sign of τ as specified in Figure 1 .
When Z n is contained as a subgroup in Z m and in H 2 Q (X, Z m ), and if a 2-cocycle φ : X × X → Z n is such that [φ] is a generator of the subgroup Z n in H 2 Q (X, Z m ), then we say that φ is a generating 2-cocycle of the subgroup Z n .
by the universal coefficient theorem and from the fact that H Q 1 (X, Z) is torsion free [6] . Standard algebra gives
for positive integers n and m, it follows that
The groups H Q 2 (X, Z) for all Rig quandles are found at [30] . Note that the groups given in [30] are rack homology H R 2 (X, Z), and the relationship is given by 20] . The package Rig [30] includes cohomology groups, 2-cocycles, abelian extensions and cocycle invariants for some Rig quandles and some knots in the KnotInfo table [13] . Multiplication tables of Rig quandles, (co)homology groups, generating 2-cocycles, and abelian extensions of Rig quandles that we used for computations can be obtained online at the Wiki page of Rig: http://code.google.com/p/rig/w/list.
Distinguishing the unknot by quandle colorings
We recall the following conjecture of [10] .
Conjecture 2.1. If K and K ′ are any two knots such that K ′ = K and K ′ = rm(K) then there is a finite quandle X such that Col X (K) = Col X (K ′ ).
In this section, we prove this conjecture when K ′ is the unknot. The idea is somewhat similar to that of Eisermann, see [14, Remark 59].
Proposition 2.2. Let K be a non-trivial knot. Then there exists a finite quandle X such that K admits a non-trivial coloring with X.
First we recall the facts we need for the proof, see for example [14] .
(1) Papakyriakopoulos [26] proved that a knot is trivial if and only its longitude is trivial in the fundamental group of the complement of the knot, called the knot group,
The Wirtinger presentation of the knot group of an oriented knot K is defined as follows. Label the arcs x 1 , x 2 , . . . , x n . At the end of the arc x i−1 we undercross the arc x k(i) and continue on arc x i . Let ǫ(i) be the sign of the crossing as in Figure 1 . Then the knot group is
for all i. (3) The map ∂ : π 1 (S 3 \K) → Z given by ∂(x i ) = 1 for all i is a group homomorphism. By [2] , Remark 3.13, the longitude l K can be written as a word w on all the generators x 1 , . . . , x n with ∂(w) = 0. (4) Recall that a group G is residually finite if every non-trivial g ∈ G is mapped non-trivially into some finite quotient of G. As a consequence of [29] one obtains that every knot group is residually finite, see [18] for a proof.
Proof of Proposition 2.2. Since K is non-trivial, l K = 1. Since knot groups are residually finite, there exists a finite group G and a surjective group homomorphism f :
Then f maps the conjugacy class of x 1 into a non-trivial conjugacy class X of G. From this it follows that the knot K admits a non-trivial coloring with the conjugation quandle X.
Quandle colorings of composite knots
In this section we introduce the concept of end monochromatic, and show that if knots K 1 and K 2 are end monochromatic with a finite connected quandle X, then |X|Col
A 1-tangle is a properly embedded arc in a 3-ball, and the equivalence of 1-tangles is defined by ambient isotopies of the 3-ball fixing the boundary (cf. [12] ). A diagram of a 1-tangle is defined in a manner similar to a knot diagram, from a regular projection to a disk by specifying crossing information, see Figure 2 (A). An orientation of a 1-tangle is specified by an arrow on a diagram as depicted. A knot diagram is obtained from a 1-tangle diagram by closing the end points by a trivial arc outside of a disk. This procedure is called the closure of a 1-tangle. If a 1-tangle is oriented, then the closure inherits the orientation. Figure 2 (B)). Then (S 3 \ Int(B), K ∩ (S 3 \ Int(B))) is a 1-tangle called the 1-tangle associated with K. The resulting 1-tangle does not depend on the choice of a base point. This process can be performed on diagrams as well. From a given knot diagram, take a base point b and its small disk neighborhood B as in Figure 2 (B). Then regarding the knot diagram to lie in the 2-sphere and making it inside-out about B, we obtain a 1-tangle diagram. In Figure 2 , this process yields (A) from (B). If a knot is oriented, then the corresponding 1-tangle inherits the orientation.
A quandle coloring of an oriented 1-tangle diagram is defined in a manner similar to those for knots. We do not require that the end points receive the same color for a quandle coloring of 1-tangle diagrams.
Definition 3.1. Let K be a 1-tangle diagram and X be a quandle. We say that (K, X) is end monochromatic, or K is end monochromatic with X, if any coloring of K by X assigns the same color on the two end points.
Let K be a knot diagram with a base point b. Then we say that (K, X) is end monochromatic, or K is end monochromatic with X, if a corresponding 1-tangle diagram is end monochromatic. The second statement follows from the fact that the set of colorings of a knot diagram by a quandle is in one-to-one correspondence under each Reidemeister move (e.g. [7] ).
Thus, if a diagram of a knot K is end monochromatic with X for a base point b, then we say that a knot K is end monochromatic with X. Lemma 3.3. Let X be a finite connected quandle, x ∈ X, and Col (X,x) (K, b) be the number of colorings of a diagram K by X such that the arc that contains the base point b receives the color x. Then
Proof. First we show that Col (X,x) (K, b) = Col (X,y) (K, b) for any x, y ∈ X. Let SCol (X,x) (K, b) be the set of colorings C such that C(α) = x, where α is the arc that contains b. Since X is connected, there is an automorphism h of X such that h(x) = y. For any coloring
for any x ∈ X. The following lemma was stated and proved in [27] for the 3 element dihedral quandle Q(3, 1) and generalized by Nosaka [25] . The idea of proof is illustrated by Figure 4 , which was taken from [27] .
Lemma 3.4 ([25]).
If a quandle X is faithful, then for any knot K, (K, X) is end monochromatic.
Remark 3.5. There are many examples of knots K and quandles X where X is not faithful, but (K, X) is end monochromatic. For example, Q(8, 1), which is an abelian extension of Q(4, 1), is not faithful, but 5 1 and 8 5 are end monochromatic with Q(8, 1), where 5 1 has only trivial colorings, and 8 5 has non-trivial colorings with Q(8, 1). The smallest non-faithful quandle for which 3 1 is end monochromatic is Q(12, 1), which is an abelian extension of Q(6, 1).
In the following lemma, a formula is given for the number of colorings of composite knots. For a composite knot K 1 #K 2 , we assume that K 1 and K 2 are oriented, and the composite K 1 #K 2 is defined in such a way that an orientation of the composite restricts to the orientation of each factor, and such an orientation is specified for the composite to make it an oriented knot, see Figure 5 .
Lemma 3.6 (cf. [25, 27] ). If knots K 1 and K 2 are end monochromatic with a finite connected quandle X, then |X|Col
Proof. Let b 1 , b 2 be base points on diagrams of K 1 and K 2 , respectively, with respect to which 1-tangles and connected sum are formed. Let x ∈ X. Let SCol (X,x) (K i , b i ), and Col (X,x) (K i , b i ), i = 1, 2, be the set and the number of colorings of K i by X such that the arc that contains b i receives the color x. Let c 1 , c 2 be points on a diagram K = K 1 #K 2 that result from taking a connected sum with respect to b 1 and b 2 by connecting 1-tangles, see Figure 5 .
, a coloring C = C 1 #C 2 of K is uniquely determined such that the colors of the arcs containing c i , i = 1, 2, coincide and is x. Conversely, any coloring C of K has the property that the color of the arcs containing c i , i = 1, 2, coincide, since K i are end monochromatic with X. Hence there is a bijection
hence the left side above has the cardinality
Lemmas 3.4 and 3.6 imply the following.
Lemma 3.7 ([25])
. If X is a finite faithful quandle, then
for knots K 1 and K 2 .
Corollary 3.8. If X is a finite faithful quandle and K is a knot, then
In particular, if X is a finite faithful quandle and K is reversible or positiveamphicheiral, respectively, then either Col
Proof. By Lemma 3.7,
This completes the proof.
According to this lemma, the situation of quandle colorings of composite knots may differ for non-faithful quandles, and indeed, the computer calculations reveal this. In the following sections we investigate these cases. We used the closed braid form for computer calculations of the number of quandle colorings as in [10] . In computing the number of colorings for composite knots, we formed the closed braid form as depicted in Figure 6 . In the braid notation of [13] , an m-braid is represented by [a 1 , ..., a s ], a i ∈ Z, where a i represents the braid generator σ k if a i = k > 0, and σ
is an (m + n − 1)-braid representative for K#K ′ . For example, for a trefoil 3 1 , s = 3, m = 2, t = 3, n = 2, and [1, 1, 1, 2, 2, 2] is a (2 + 2 − 1)-braid representative of 3 1 #3 1 . The orientations of each factor and the composite are defined by downward orientation of the braid form.
Distinguishing K from rm(K) via colorings of composite knots
Since quandle colorings do not distinguish K from rm(K), they do not distinguish m(K) from r(K). Consequently, in [10] , distinguishing K from m(K) by quandle colorings was examined only for chiral and negativeamphicheiral knots.
In this section, we exhibit computational results on distinguishing reversible and chiral knots K from rm(K) using quandle colorings of composite knots R#K and R#rm(K) for knots R and K.
Proposition 4.1. Conjecture 2.1 implies that for any knot K such that K = f (K) for some f ∈ G, there is a finite quandle X and a prime knot P (with braid index 2) such that Col X (P #K) = Col X (P #f (K)).
Proof. First we observe that for any knots K 1 and K 2 and f ∈ G,
and for any prime knot P and f ∈ G, f (P ) is prime. Let K = P 1 # · · · #P n be the prime factorization of K. Then
is the prime factorization of f (K). Let P be a prime knot such that P is not in G(P i ) for i = 1, . . . , n and P = rm(P ) (take, for example, a (2, n)-torus knot, that is, the closure of a 2-braid, of a large crossing number for P ). Clearly P #K = P #f (K). The prime factorization of rm(P #K) is
and by the definition of P we again have by uniqueness of prime factorization that rm(P #K) is not equal to P #f (K). By the conjecture it follows that there is a finite quandle X such that Col X (P #K) = Col X (P #f (K))
As a corollary to the proof of Proposition 4.1, we obtain the following. Corollary 4.2. For any knot K such that K = f (K) for some f ∈ G, there exists a prime knot P such that the fundamental quandles of P #K and P #f (K) are not isomorphic.
Recall from Corollary 3.8 that if X is a finite faithful quandle, then we cannot distinguish R#K from R#rm(K). Thus to apply this technique, we must use non-faithful quandles.
Remark 4.3. For reversible or chiral prime knots K up to 12 crossings and up to braid index 4, among the Rig quandles, only the quandles Q(24, 2) and Q (27, 14) distinguished R#K and R#m(K) for some closed 2-braids R by the condition
We noticed that these are abelian extensions of Q(6, 2) and Q(9, 6) with coefficient groups Z 4 and Z 3 , respectively. In the remainder of the section, we give an interpretation of this method in terms of the quandle cocycle invariant, and extend this method to quandles of order larger than Rig quandles. Corollary 3.8 and Proposition 6.1 partly explain why only abelian extensions worked for this purpose among Rig quandles. Remark 4.6 suggests why many abelian extensions do not work.
Let X be a quandle, A be a finite abelian group, and φ ∈ Z 2 Q (X, A) be a 2-cocycle with coefficient group A. Let Φ φ (K) = g∈A a g g ∈ Z[A] be the cocycle invariant of a knot K. We write C g (Φ φ (K)) = a g . In particular, C e (Φ φ (K)) ∈ Z denotes the coefficient of the identity element e ∈ A.
An examination of the proof of Theorem 4.1 in [3] reveals the following two lemmas. For convenience of the reader, we include a proof of Lemma 4.5.
Lemma 4.4 ([3])
. Let E be an abelian extension of X with respect to a 2-cocycle φ with coefficient group A. Let K be a knot that is end monochromatic with X.
Lemma 4.5. Suppose (K, X) is end monochromatic, and E = E(X, A, φ) is an abelian extension of X. Then (K, E) is end monochromatic if and only
Proof. In [3] an interpretation of the cocycle invariant as an obstruction to extending a coloring of a knot diagram K by X to a coloring by the abelian extension E of X with respect to a 2-cocycle φ was given as follows. Let C be a coloring of a 1-tangle S of K with initial and terminal end points b 0 , b 1 , respectively. Suppose (K, X) is end monochromatic, so that C(b 0 ) = C(b 1 ) = x 0 ∈ X. Let a 0 ∈ A and assign a color (x 0 , a 0 ) ∈ E = X ×A to the arc at b 0 . By traveling along the diagram from b 0 to b 1 , a color of S by E is defined inductively using colors by X; if an under-arc colored by (x, a) goes under an over-arc colored by (y, b) at a positive crossing, then the other under-arc receives a color (x * y, a φ(x, y)). The color extends at negative crossing as well. Then the coloring thus extended to S has the color (x 0 , a 0 d) at the arc at b 1 , where d ∈ A is the contribution of the cocycle invariant d = τ φ(x τ , y τ ) ǫ(τ ) ∈ A. Thus the coloring by X extends to that by E if and only if d is the identity element. Thus we conjecture that this is the case for all knots. The corresponding quandle X for these abelian extensions E are found in [11] , and they are, Duplicates in the list of X are due to non-cohomologous 2-cocycles of the same quandle.
There are non-faithful quandles that are not abelian extensions, see Proposition 6.1, and we do not know any characterization of knots that are end monochromatic with such quandles. All prime knots up to 9 crossings are end monochromatic with Q (30, 4) .
Definition 4.9. The value of the quandle cocycle invariant Φ φ (K) of a knot K with respect to a 2-cocycle φ of a quandle X is called asymmetric if
From the above corollary we can sometimes distinguish K from rm(K) using the cocycle invariant for some quandles.
Proposition 4.11 ([25]
). Let φ be a 2-cocycle of a finite connected quandle X with coefficient group A. Suppose that K 1 and K 2 are end monochromatic with X. Then
The following corollary relates the condition
to Corollary 4.10 via asymmetry of the cocycle invariant.
Corollary 4.12. Let φ be a 2-cocycle of a finite connected faithful quandle X with coefficient group A. Assume that Φ φ (R) = r e e + r u u for r e , r u ∈ N, the identity element e, and a non-identity element u ∈ A, and that r e = |X|, that is, any non-trivial coloring contribute u to the cocycle invariant. Suppose a knot K satisfies
where V does not contain terms in e, u or u −1 . Then
where E is the abelian extension of X by φ.
Proof. By Lemma 4.11,
We note that often computing the number of colorings has computational advantage over applying Corollary 4.10 by computing the cocycle invariant, even though Corollary 4.12 theoretically derives the condition
from asymmetry of the cocycle invariant in many cases.
Example 4.13. Let X = Q(6, 2) and φ be a generating 2-cocycle over Z 4 such that the abelian extension of X with respect to φ is E = Q(24, 2). Let us take an example of R#K and R#rm(K) for a trefoil R = 3 1 and K = 6 1 . It was found in [9] that there is a multiplicative generator u of Z 4 such that the trefoil has the cocycle invariant Φ φ (3 1 ) = 6 + 24u for Q(6, 2). With the same 2-cocycle, it is computed that Φ φ (K) = 6 + 24u −1 . By Corollary 4.12, Col E (R#K) = Col E (R#rm(K)), where E = Q(24, 2). For a more complex knot K, however, it becomes difficult to compute the cocycle invariant, and easier to confirm the condition Col E (R#K) = Col E (R#rm(K)), which then implies that K = rm(K) and K has an asymmetric invariant value.
We summarize outcomes of the methods described in this section, i.e. using Corollary 4.10 and cocycle invariants, or by directly computing
First we summarize our results for prime knots with 9 crossings or less using the cocycle invariant. Among 84 knots in the table up to 9 crossings, they are all reversible except:
• Fully amphicheiral knots: 4 1 ,
• Negative amphicheiral knot: 8 17 .
• Chiral knots: 9 32 , 9 33 .
The rest are 75 reversible knots. The colorings of 3 1 #K and 3 1 #rm(K) or the method described in Corollary 4.12 distinguished the following reversible knots from their mirrors.
• Using Q(24, 2), the following knots are distinguished from mirrors: 3 1 , 6 1 , 7 4 , 7 7 , 8 11 , 9 1 , 9 2 , 9 4 , 9 6 , 9 10 , 9 11 , 9 15 , 9 17 , 9 23 , 9 29 , 9 34 , 9 35 , 9 37 , 9 38 , 9 46 , 9 47 , 9 48 .
• Using Q (27, 14) (3 1 #m(K) ).
• Both E = Q(24, 2) and Q (27, 14) Remark 4.14. To distinguish more knots from their mirrors using the property Col E (R#K) = Col E (R#m(K)) for some abelian extensions E and for some R, we further computed abelian extensions of some Rig quandles. We computed cohomology groups for some coefficient groups and found some 2-cocycles for Rig quandles up to order 23, and obtained 40 abelian extensions. This information is available online at http://code.google.com/p/rig/w/list. Let E be this set of quandles. It is likely that there are other abelian extensions that are not in this list. There are 168 chiral, reversible or positive amphicheiral knots with braid index less than 4 and crossing number at most 12. Of these, we computed that 144 of knots have the property Col E (R#K) = Col E (R#m(K)) with E ∈ E and for R = 3 1 , 5 1 , or 9 1 . Remark 4.15. Reversible prime knots K, up to 12 crossings with braid index less than 4, distinguished from their mirror images by a quandle knot pair (X, R) are listed in Table 1 . The table shows a quandle X, a knot R and knots K such that Col X (R#K) = Col X (R#m(K)). We recall that Q(24, 2) and Q (27, 14) are also abelian extensions.
Remark 4.16. Chiral prime knots K, up to 12 crossings with braid index less than 4, distinguished from rm(K) by a quandle knot pair (X, R) are listed in Table 2 . The table shows a quandle X, a knot R and knots K such that such that Col X (R#K) = Col X (R#rm(K)). 
Recovering cocycle invariants from colorings
In this section, we obtain formulas for computing the cocycle invariant from the number of colorings for some cases. The formulas give computational advantage in many cases. To obtain formulas, however, one needs information on concrete non-trivial invariant values for a few knots.
Proposition 5.1. Let X, A, φ be as above. Suppose that X is end monochromatic with K. Suppose further that for an element v ∈ A that is not the identity element e, there exists a knot R v such that Φ φ (R v ) = r e e + r v v ∈ Z[A]. Then
Proof. By Proposition 4.11, we have
The coefficient of the identity element in the left-hand side is r e a e + r v a v −1 . Hence we obtain |X|C e (Φ φ (R v #K)) = r e a e + r v a v −1 . Let E be the abelian extension of X with respect to φ. Then by Lemma 4.4, we have
and Col E (K) = a e |A|. By substitution and solving for a v −1 , we obtain the lemma.
In the following examples, we focus on the Rig quandles of order up to 12 where the second cohomology group is non-trivial when the coefficient group is other than Z 2 . When the coefficient group A is cyclic of order n, even though we write A = Z n (a notation usually used for the additive group of integers modulo n), we specify a multiplicative generator u, so that A = u where u has order n, and write A multiplicatively.
Example 5.2. Let X = Q(6, 2) and φ be a generating 2-cocycle over A = Z 4 such that the abelian extension of X with respect to φ is E = Q(24, 2). Since X is faithful, any knot is end monochromatic with X.
The cocycle invariants of X = Q(6, 2) using this cocycle are given in the wiki page of Rig at http://code.google.com/p/rig/w/list, for knots up to 10 crossings. Some of the results are shown in Table 3 . Knots that are not listed have the trivial invariant value 6. We abbreviate the identity element in the remaining of the paper. For example, 6 + 24u means 6e + 24u for the identity element e. In particular, in order to use Proposition 5.1, we obtain 3 6 1 , 7 4 , 9 1 , 9 6 , 9 17 , 9 23 , 9 29 , 9 34 , 9 38 6 + 72u + 48u 2 9 48 6 + 48u + 48u 3 8 18 6 + 24u + 72u 3 9 47 54 + 24u + 48u 3 9 46 6 + 48u + 48u 2 + 24u 3 9 37
the following invariant values:
Proposition 5.1 implies that
We also have
from Lemma 4.4. Therefore we obtain
See the appendix for examples of cocycles invariants computed using this formula.
Remark 5.3. In computing the coloring numbers of knots by quandles, some computational techniques have been developed in [10] , such as fixing a color of the first braid strand to reduce the computation time. On the other hand, to compute the cocycle invariant, every coloring must be computed, and the cocycle value must be evaluated for each coloring. The latter increases the computational time significantly. Thus the formula of Proposition 5.1 is useful in determining invariant values for higher crossing knots with lower braid indices.
Remark 5.4. There are discrepancies of representatives of knots and their mirrors in different notations in [13] for the following knots up to 9 crossings: 7 7 , 9 11 , 9 17 , 9 34 , 9 46 , 9 47 , 9 48 . Specifically, the diagram of 7 7 listed agrees with the braid notation, but its PD notation seems to represent its mirror. In our first computation up to 9 crossings, we used the PD notation in [13] , and the second computations for those with braid index less than 4 are performed using the braid notation. For up to 9 crossings, these calculations showed discrepancies for the above listed knots. The discrepancies are all related by conjugate values of the invariant. We note that in the following computations, these knots are not used for R in Col E (R#K) in the formulas.
Below we give a summary of the formula in Proposition 5.1 for Rig quandles of order up to 12, as examples to indicate how to use the formula, and to illustrate varieties of actual formulas obtained.
Example 5.5. Let X = Q(9, 6) = Z 3 [t]/(t 2 + 2t + 1) and φ be a generating 2-cocycle over A = Z 3 such that the abelian extension of X with respect to φ is E = Q (27, 14) . Since X is faithful, any knot is end monochromatic with X. Computer calculation shows that Φ φ (3 1 ) = 27 + 54u, where u is a multiplicative generator of A and it also implies that Φ φ (m(3 1 )) = 27+54u 2 . Proposition 5.1 implies that
Example 5.6. Let X = Q(12, 3). This quandle is not Alexander, not kei, not Latin, faithful, and H 2 Q (X, A) = Z 10 for A = Z 10 . Let E be the abelian extension corresponding to a cocycle that represents a generator of Z 10 . We obtain the following invariant values:
One computes
and the other terms are similar with the corresponding knots listed above. We note that the coefficient of every term is computed by these formulas, but we needed to compute the invariant for up to 9 crossings for this conclusion, as u 4 and u 6 are missing up to 8 crossing knots. 
With a choice of a generating cocycle φ, up to 8 crossings, all knots have the cocycle invariant of the form Φ φ (K) = a + bu 2 , a, b ∈ Z. Thus we conjecture that this is the case for all knots. The trefoil has the invariant value Φ φ (3 1 ) = 12 + 96u 2 . Hence we obtain
If the conjecture does not hold and a knot with the term u or u 3 is found, then it can be used to evaluate other terms.
Example 5.8. Let X = Q (12, 6) . This quandle is not Alexander, not kei, not Latin, faithful, and H 2 Q (X, Z 4 ) = Z 4 . With a generating 2-cocycle φ of Z 4 the invariant values Φ φ (K) for K up to 9 crossing knots are listed in Table 4 . Thus we conjecture that the invariant values are of the form
for a, b ∈ Z and for all knots K. One computes
We note that we needed to compute the invariant for knots up to 9 crossing to obtain this formula.
Remark 5.9. The second cohomology groups for Q(12, 7), Q(12, 9) with coefficient group Z 4 are Z 2 × Z 4 and Z 4 × Z 4 , respectively, and for choices of generating cocycles, the cocycle invariants are non-trivial. Situations and computations are similar to those for Q(6, 2) and Q(12, 5) for each factor, for up to 7 crossings.
Example 5.10. Let X = Q(12, 10). This quandle is not Alexander, not kei, not Latin, faithful, and H 2 Q (X, Z 6 ) = Z 6 . With a generating cocycle φ of Z 6 , we obtain
Since we observed, up to 8 crossings, one or more of the terms with u 2 , u 3 and u 4 (and no terms of u or u 5 ), we conjecture that it is the case for all knots. One computes
Remark 5.11. The 2-cocycle invariants discussed in this section are derived from the following invariant: Let R 1 , . . . , R n be knots and X 1 , . . . , X m be finite quandles. Then an invariant is defined for a knot K by
It is, then, a natural question whether for any quandle 2-cocycle invariant Φ φ (K), there is a sequence of knots R 1 , . . . , R n and quandles X 1 , . . . , X m such that Φ φ (K) is derived from CL X 1 ,...,Xm,R 1 ,...,Rn (K).
Properties of abelian extensions
Finding abelian extensions have, for example, the following applications: (1) non-triviality of the second cohomology group can be confirmed, (2) knots and their mirrors may be distinguished by colorings of composite knots as in Section 4, (3) they are useful in computing cocycle knot invariants via colorings as in Section 5.
We summarize our findings on extensions of Rig quandles in this section. There are 35 non-faithful Rig quandles. All but 5 are extensions by Z 2 .
Proposition 6.1. Among the non-faithful Rig quandles, Q (30, 4) is the only quandle that is not an abelian extension.
Proof. Computations show that the only non-trivial quotient of Q(30, 4) is Q (10, 1) . So it suffices to show that there is no abelian extension of Q(10, 1) of order 30. We have H Q 2 (X, Z) = Z 2 [30] . To get an abelian extension of X = Q(10, 1) of order 30 we would have to have a non-trivial 2-cocycle X ×X → Z 3 which would give an element of H 2 Q (X, Z 3 ) = Hom(Z 2 , Z 3 ) = 0, a contradiction. Then one checks by computer that all the other non-faithful Rig quandles are abelian extensions.
In [1] Proposition 2.11, it was proved that if Y is a connected quandle and X = ϕ(Y ) ⊂ Inn(Y ), then each fiber has the same cardinality, and if S is a set with the same cardinality as a fiber, then there is a constant cocycle β : X × X → Sym(S) such that Y is isomorphic to X × β S. Proposition 6.2. The quandle Q (30, 4) is a non-abelian extension of the quandle Q(10, 1) by a constant 2-cocycle.
Proof. By calculation we see that the image of the mapping ϕ from Q(30, 4) to Inn(Q (30, 4) ) is isomorphic to Q (10, 1) . The claim follows from [1] , Proposition 2.11.
We noticed that some non-cohomologous cocycles give isomorphic extensions. Specifically, we had the following observation from computer calculations.
Hence there are three 2-cocycles that are non-trivial and pairwise non-cohomologous. There are, however, only two non-isomorphic abelian extensions of X by Z 2 , Q(30, 1) and Q (30, 5) . Then calculations show that two non-cohomologous cocycles define the extension Q(30, 5). Similar examples are found for some 12 element quandles, see below.
Lemma 6.4. For abelian groups B and C and a quandle X, let φ B : X × X → B and φ C : X × X → C be 2-cocycles with abelian extensions E(X, B, φ B ) and E(X, C, φ C ), respectively. Then for A = B × C, φ = (φ B , φ C ) : X × X → A is a 2-cocycle with abelian extension E(X, A, φ), and E(X, A, φ) is an abelian extension of E(X, B, φ B ) and E(X, C, φ C ).
Then φ ′ C is a 2-cocycle of E(X, B, φ B ) with coefficient C.
which is clearly bijective. Then one computes
and f ( (x 1 , (b 1 , c 1 ( (x 1 , c 1 ), (x 2 , c 2 ) ) ) = ( (x 1  *  x 2 , b 1 + φ B (x 1 , x 2 ) ), c 1 + φ C (x 1 , x 2 ) ), as desired.
Similarly, we obtain the following.
Lemma 6.5. Let B and C be abelian groups and A = B × C, X be a quandle, and φ : X × X → A be a 2-cocycle with abelian extension E(X, A, φ). Further, let p B and p C be the projections onto B and C respectively. Then p B φ : X × X → B is a 2-cocyle giving abelian extension E(X, B, p B φ), and E(X, A, φ) is isomorphic to E(E(X, B, p B φ), C, φ ′ ), where
Lemma 6.5 is generalized as follows. 
for some c ∈ C. Let η : B × B → C be given by η(b 1 , b 2 ) = c. Then p B (a − sp B (a)) = 0 and hence we can write a − sp B (a) = ι(p C (a)) where p C : A → C. This yields
for (x i , b i ) ∈ E(X, B, p B φ) = X × B, i = 1, 2. To show that φ ′ is a 2-cocycle it suffices to show that E(E(X, B, p B φ), C, φ ′ ) is a quandle. For this it suffices to show that the mapping
is a bijection and preserves the product. To show that f is a bijection, since the domain and codomain of f have the same cardinality, it suffices to show that f is a surjection. Given (x, a) ∈ X × A we see that
Finally to show that f preservers the product we compute:
and
as desired.
If we suppress the 2-cocycle in the notation E(X, A, φ) and write merely E(X, A) then the above Lemma 6.4 and Proposition 6.6 may be stated more simply.
Corollary 6.7. (i) If E(X, B) and E(X, C) are abelian extensions, then so is E(X, B × C), and E(X, B × C) = E(E(X, B), C).
(ii) If E(X, A) is a finite abelian extension of a quandle X and C is a subgroup of the finite abelian group A then E(X, A) = E(E(X, A/C), C).
We note that if E(X, A) is connected, then E(X, A/C) is connected since the epimorphic image of a connected quandle is connected.
We examine some connected abelian extensions of Rig quandles of order up to 12. In the following, we use the notation E n −→ X if E = E(X, Z n .φ) for some 2-cocycle φ such that E is connected.
Q (X, Z n ) and E 1 , E 2 are corresponding extensions as in Proposition 6.6.
In this case E 2 n −→ X where n = md. The notation ∅ 1 −→ X indicates that H 2 Q (X, A) = 0 for any coefficient group A, and hence there is no non-trivial abelian extension. It is noted to the left when all quandles in question are keis.
In the following, we list abelian extensions of Rig quandles that contain quandles of order higher than 35. The notation Q(n, −) indicates that it is a quandle of order n > 35 and is not a Rig quandle. The notation ? −→ Q(n, −) indicates that we do not know if non-trivial abelian extension exists for the quandle Q(n, −) in question. Except for the quandle Q(120, −) in the third line, we have explicit quandle operation tables for the quandles appearing in the list and hence we can prove by computer that such quandles are connected.
? −→ Q(120, −) It is interesting to remark that all quandles appearing in the first and the last lines are keis.
These observations raise the following questions.
• What is a condition on cocycles for abelian, or non-abelian extensions to be connected?
In [1] , a condition for an extension to be connected was given in terms of elements of the inner automorphism group.
• Is there an infinite sequence of abelian extensions of connected quandles
We note that sequences of abelian extensions of connected quandles terminate as much as we were able to compute.
• Is any abelian extension of a finite kei a kei? In relation to this question, below we observe a condition of 2-cocycles that give extensions that are keis.
Lemma 6.8. Let X be a kei, φ be a 2-cocycle with coefficient group A, and E be the abelian extension of X with respect to φ. Then E is a kei if and only if φ(x, y) + φ(x * y, y) = 0 ∈ A for any x, y ∈ X, in additive notation.
Proof. One computes, for any x, y ∈ X and a, b ∈ A,
= (x * y, a + φ(x, y)) * (y, b) = ( (x * y) * y, a + φ(x, y) + φ(x * y, y)).
For any x, y ∈ X and a, b ∈ A, the right-hand side is equal to (x, a) if and only if φ(x, y) + φ(x * y, y) = 0 for any x, y ∈ X.
By computer calculation, there is a particular generating 2-cocycle of the Z 2 -factor, Q(24, 15)
We also note that there are epimorphisms Q(24, 14)→Q(12, 7) and Q(24, 18)→Q (12, 7) , where
Hence there is a quandle of order 48 corresponding to the Z 4 -factor of H 2 Q (X, Z 4 ), that has epimorphic image Q (24, 14) or Q(24, 18).
There are three epimorphisms from Rig quandles:
and their cohomology groups with A = Z 2 are (Z 2 ) 3 , (Z 2 ) 2 , and (Z 2 ) 2 , respectively. We note that there are 7 cocycles that are not cohomologous each other, yet there are only 3 extensions as in Remark 6.3.
There are two extensions in Rig quandles: (12, 9) and with A = Z 4 their cohomology groups are Z 2 × Z 2 × Z 4 and Z 2 × Z 4 , respectively. There are 3 cocycles that give order 2 extensions, yet there are two extensions as in Remark 6.3.
Remark 6.12. Let X = Q(12, 10). Then H 2 Q (X, Z 6 ) ∼ = Z 6 . There is one extension among Rig quandles, Q(24, 20) → Q(12, 10) and we have H 2 Q (Q (24, 20) ,
One of the order 3 cocycle corresponds to an extension of X of order 6.
Finding extensions of higher order
We further investigated extensions among non-faithful quandles over Rig quandles. Extensions of some of the Rig quandles of order greater than 12 and less than 28 can be found in http://code.google.com/p/rig/w/list. The computations of cocycles become difficult for quandles of order 28. Thus we take an approach of constructing non-faithful connected quandles and identify extensions as follows.
Recall that Rig quandles are connected quandles of order up to 35. To find extensions of Rig quandles, we made a list N F of 315 non-faithful connected generalized Alexander quandles with respect to pairs (G, f ) for non-abelian groups G and f ∈ Aut(G) (see Section 1). We considered all groups or order n, 36 ≤ n < 128, and for n = 128, only the first 172 groups in GAP Small Groups library (the library contains all the 2328 groups of size 128). All possible automorphisms f ∈ Aut(G) were considered up to conjugacy. For example, there are 39 non-abelian groups of order 108 which give 74 connected non-faithful quandles of order 108. Lemma 2.3 and Proposition 2.11 in [1] were used to determine abelian extensions and non-abelian extensions by constant cocycles among quandles in N F over Rig quandles. Specifically, quotient quandles are computed, dynamical cocycles ([1], Lemma 2.3) are computed, whether the cocycles are constant is determined, and whether the extensions are abelian is determined.
We note that most examples computed for abelian extensions are 2-fold epimorphisms, and observe the following. Lemma 7.1. Let Y be a finite connected quandle of even order 2n, and assume that ϕ(Y ) = X ⊂ Inn(Y ) with |X| = n. Then Y is isomorphic to an abelian extension of X by Z 2 .
Proof. As in Proposition 6.2, it follows from Proposition 2.11 of [1] that Y is isomorphic to an extension X × β S by a constant cocycle β, where a set S consists of two elements. Let S = {0, 1}, and we identify S with Z 2 . Then Sym(S) consists of two elements, the identity and the transposition of 0 and 1. We define φ : X × X → Z 2 by φ(x, y) = 0 if β x,y = id and φ(x, y) = 1 if β x,y is the transposition. Then β x,y (t) = t + φ(x, y) for t ∈ Z 2 and φ is a 2-cocycle. Other than these, we found that Q(12, 3) has a 5-fold abelian extension, and Q(15, 2) has a 4-fold non-abelian extension in N F. We remark that the 5-fold extension of Q(12, 3) was predicted by Lemma 6.5, see the list in Section 6 for Q (12, 3) . Thus this specific extension is found in N F.
We observe the following generalization of Lemma 7.1. Let Y be a finite connected quandle, and let ϕ(Y ) = X ⊂ Inn(Y ) with |X| = n. It follows again from Proposition 2.11 of [1] that Y is isomorphic to an extension X × β S by a constant cocycle β. Lemma 7.3. Let X and Y be as above. If |Y | = kn where k is a prime power, and the subgroup H β of Sym(S) generated by { β x,y | x, y ∈ X } is cyclic of order k, then Y is isomorphic to an abelian extension of X.
Proof. Since |Y | = kn, we have |S| = k. Since H β is cyclic of order k and k is a prime power, it is generated by a k-cycle σ. We can identify S with Z k in such a way that σ = (1, 2, . . . , k). Then σ(t) = 1+ t for any t ∈ Z k . Hence for any x, y ∈ X, β x,y = σ i for some i ∈ Z k , so that β x,y (t) = t + φ(x, y) with φ(x, y) = i. Remark 7.4. Although homology groups of Rig quandles have been computed in [30] , as mentioned earlier, explicit 2-cocycles have not been computed for Rig quandles of order greater than 23. The above computations of extensions give rise to explicit 2-cocycles, and also may be used for computations of cocycle invariants as in Section 5. Furthermore, the computations identify the pairs (G, f ) of generalized Alexander quandles that are abelian extensions of Rig quandles.
Problems, questions and conjectures
For convenience of the reader, we collect here questions, problems and conjectures discussed all over the text. In Remark 4.6 we made the following conjecture. 
